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The production of W, Z and Heavy quarks

B Multiplicity growth with angular ordering
B Hadron-hadron processes and factorization

B W production
* DY cross section
* Subtraction method

B W + jet production
B Heavy quark decays
B Heavy quark production
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Multiplicity growth

B Angular ordering condition, on pseudo-offshellness, ¢, < 2%t, t = E?(1 — cos ).

1 d 22t dt’
D;(x,t) = D;(x,to) —I—Z/ ?z/ a—SP i(z,a8)Dj(x/z,t) ,
j x

2w
or in differential form

t— (z,t) = Z/ dz as Pji(z,a5)Dj(x/z, 2°t) .

Notice that this differs from the conventional evolution equation only in the
z-dependent change of scale on the right-hand side. Consider first the solution of
taking ag fixed and neglecting the sum over different branchings. Then we have

as

5 . . )
(=D, 1) = —/ dz 211 P(2)D(j, 221) .

t 2

M we try a solution of the form D(j,t) o t7(5:@s)
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Resummed anomalous dimension

B we find that the anomalous dimension ~(j, as) must satisfy the implicit equation

1 . .
’7(]7 st) = 3—5/0 dz ZJ—1+2'7(.7aOéS)P(Z) )

Caag 1
jg— 1+ 2’)’gg(j> Oés)

Yag(J, s) =

’Ygg(ja as) = l [\/(] - 1)2 T 80;4;045 —(J - 1)]

4
Caag 1
= — (-1
o 4(9 ) +

B at any fixed 5 # 1 we can expand in a different way for sufficiently small a.g

+ ...

. o Caag 1 Caag 2 1
’Ygg(],OéS)— >—2 (

T (-1 . j— 1)

This series displays the terms that are most singular as ;7 — 1 in each order.
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<n>

Multiplicity growth I1

B we can introduce running o by
D(] t) ~ t’Ygg(J as) — = exp [f

writing

Yag 37045 dt }

B we replace v44 (4, as) in the integrand by 44 (7, as(t')).

dt’
t/

-/

/t Yag(J, as(t")

(n(s)) ~ expl

s (t) Yag(J, s)

:—ba%—k....,

60 at fixed A

no angular ordering

with angular ordering

40

20

I Multiplicity growth, (with and without angular ordering)
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Hadron-hadron processes

M In hard hadron-hadron scattering, constituent partons from each incoming hadron
interact at short distance (large momentum transfer Q2).

@it

L
B For hadron momenta Py, P> (S = 2P, - P,), form of cross section is

o(S) = Z/dajldicQDi(wl,/JJQ)Dj($2,/JJ2)5'z’j(<§:37137257 as(p?), Q% /u?)
2]

where 2 is factorization scale and 4, is subprocess cross section for parton
types 1, .
* Notice that factorization scale is in principle arbitrary: affects only what we call
part of subprocess or part of initial-state evolution (parton shower).

x Unlike eTe™ or ep, we may have interaction between spectator partons,
leading to soft underlying event and/or multiple hard scattering.
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Factorization of the cross section

B Why does the factorization property hold and when it should fail?
B For a heuristic argument, consider the simplest hard process involving two hadrons

Hl(Pl) + HQ(PQ) — V + X.

B Do the partons in hadron Hy, through the influence of their colour fields, change
the distribution of partons in hadron Hs before the vector boson is produced? Soft
gluons which are emitted long before the collision are potentially troublesome.

B A simple model from classical electrodynamics. The vector potential due to an
electromagnetic current density J is given by

JH@ @)
T

r— X

AR(L 7) = /dt’da?’ S(H + |7 — 7| — 1),

where the delta function provides the retarded behaviour required by causality.
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B Consider a particle with charge e travelling in the positive z direction with constant
velocity 3. The non-zero components of the current density are

JHE,F) = ed(@ — (),
JIE) = eBs(@ —7t), T(t') =B’z

Z is a unit vector in the z direction. At an observation point (the supposed position
of hadron H») described by coordinates x, y and z, the vector potential (either
performing the integrations using the current density given above, or by Lorentz
transformation of the scalar potential in the rest frame of the particle) is

tip =y — ey

AT = R 2B
AT(LF) = 0

AY(LE) = 0

A*(4,F) = 1S

V[z? +y2 +42(8t — 2)?]’

where v2 = 1/(1 — 32?). Target hadron Hs is at rest near the origin, so that
v~ s/m?2.
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B Note that for large ~ and fixed non-zero (3t — z) some components of the potential
tend to a constant independent of ~, suggesting that there will be non-zero fields
which are not in coincidence with the arrival of the particle, even at high energy.

B However at large ~ the potential is a pure gauge piece, A* = 9"y where x is a
scalar function

B Covariant formulation using the vector potential A has large fields which have no
effect.

B For example, the electric field along the z direction is

B (t,7) = itz 0A*? n OAt _ ev(Pt — z)

ot 0z (22 + y2 + 72 (Bt — 2)2]% '

The leading terms in ~ cancel and the field strengths are of order 1/~42? and hence
of order m*/s2. The model suggests the force experienced by a charge in the
hadron Hs, at any fixed time before the arrival of the quark, decreases as m*/s2.
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Lepton-pair production

B Mechanism for Lepton
pair production,
W -production,
Z-production,
Vector-boson pairs, ...

B Collectively known as the
Drell-Yan process.

B Colour average 1/N.

dé
dQ?

= % Qg §(5 —Q?), oo = cf eTe™ annihilation.

In the CM frame of the two hadrons, the momenta of the incoming partons are

NG

S
p1 = 7(x1,0,0,x1), po = %—(xz,0,0,—xz) :
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The square of the gq collision energy s is related to the overall hadron-hadron collision
energy by 5§ = (p1 + p2)? = x1x2s. The parton-model cross section for this process is:

do 1 3 do _ _
Ve /0 dxidrs ; {fq(z1)fg(z2) + (¢ < §)} FIVe (g7 — 1F17)
1

o0 dx1 dxo _

= - / — ——= 6(1—2) | > Q; {felz1)fa(z2) + (a = @)}
sJo T1 X2 p
. ] . Q2 QQ
B For later convenience we have introduced the variable z = = Tiaas

B The sum here is over quarks only and the gq contributions are indicated explicitly.
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Next-to-leading order

>\M + }M + ?AA/ + }\AA/
(a)
e VAVAY —= e VAAY
- I >
—=—Q0Q —_— OO ———

(b) ()
B The contribution of the real diagrams (in four dimensions) is

(11+_zz2)(—ts N —US) _2]

(M| ~ g*°CF

U t 202 s
t U ut

where z = Q?/s,s +t +u = Q2.

B Note that the real diagrams contain collinear singularities, v — 0,t — 0 and soft
singularities, z — 1.

B The coefficient of the divergence is the unregulated branching probability ﬁqq(z).

M Ignore for simplicity the diagrams with incoming gluons.
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B Control the divergences by continuing the dimensionality of space-time,
d = 4 — 2e, (technically this is dimensional reduction). Performing the phase space
integration, the total contribution of the real diagrams is

2 €
o S Non N
R 5. CF 02 I

_ 2(1—2)—|—4(l+22)[

2 3 gz 2
(6—2 +o- ?)5(1 ~2) = ZPy(2)

In(1 — 2) 1+ 22
1—2z ]+_2(1—z) lnz]

with cr = (47)¢/T'(1 — €).
B The contribution of the virtual diagrams is

2 €
o s H / 2 3 2
av—5(1—z) 1+§CF<@> CF(—€—2—2—6—|—7T)

¢ = cr + O(e3)
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B Adding it up we get in dim-reduction

2\ © 2
OR+V = ;—;S;CF(%) cr [(2%—6)5(1—2)— %qu(z)—Q(l—z)

+ 41+ 22) [%] L2 (11+_Z22> In z]

B The divergences, proportional to the branching probability , are universal.

B We will factorize them into the parton distributions. We perform the mass
factorization by subtracting the counterterm

27 €

295 o [_CF Pog(z) — (1 —2) +6(1 — z)]

(The finite terms are necessary to get us to the M S-scheme).

. Qg 272 o\ [In(1 — 2) 1+ 22
o= gCF [(T—8>5(1—z)—|—4(1—|—z )[ s L_ 2(1 ) In 24+2P,4(2) In 2

B Similar correction for incoming gluons.
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Application to W, Z production

B(W-ev) [nb]

Ow -

3

-CDP(199&2005)E

5D0(1995)
e UA2(1990)

- oUA1(1989)

I ~3\‘\ T T

. B(Z-ee) [nb]

Oz

: 0

D 1 1.5 2
Vs [TeV]

D 1 1.5 2
Vs [TeV]

B Agreement with NLO theory is good.

B LO curves lie about 25% too low.

B NNLO results are also known and lead to a further modest (4%) increase at the

Tevatron.
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General calculational method for NLO

B Direct integration is good for the total cross section, but for differential distributions,
(to which we want to apply cuts), we need a Monte Carlo method.

B We use a general subtraction procedure at NLO.
B at NLO the cross section for two initial partons a and b and for m outgoing partons,

IS given by
LO NLO
Oab = Ogp —+ Oab
where
LO _
o = / doB b
m
NLO L \%
Oab - / do_ab+/ do Oab
m-+1

the singular parts of the QCD matrix elements for real emission, corresponding to
soft and collinear emission can be isolated in a process independent manner
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Calculational method (cont)

B One can use this the construct a set of counterterms

wd:§;/

ct Ym

w3®/mg
1

where do® denotes the appropriate colour and spin projection of the Born-level
cross section, and the counter-terms are independent of the details of the process
under consideration.

B these counterterm cancel all non-integrable singularities in dof, so that one can

write
o= [ ok~ dogi)+ [ doth+ [ asl,
m-+1 m-+1 m

The phase space integration in the first term can be performed numerically in four
dimensions.
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Matrix element counter-event for V' production

1 Ps3 1 Ps
900 Ps
w
VaVaV + VaVaV
W lo00 Ps
Pz P4 Pz P4

In the soft limit p5 — 0 we have

P1 - P2
P1 - D5 P2 - P5

‘MO(p17p2ap3ap4)‘2

IMl(p17p27p37p47p5)|2 — 92CF

B Eikonal factor can be associated with radiation from a given leg by partial
fractioning

p1 - P2 = p1 - P2 I 1 n 1
P1 - P5 P2 * P5 P1L-P5+pP2-P5 P1°-P5 P2 -DP5

B including the collinear contributions, singular as p1 - p5 — 0, the matrix element for
the counter event has the structure

92

|M1(p17p27p37p47p5)|2 — —quJ(ma)lMO(mapl>p271537]54)|2
ZLaP1 * P5

where 1 — 24 = (p1 - p5 +p2 - p5)/p1 - p2 and Pyq(za) = Cp(1 +22)/(1 — )
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Subtraction method for NLO

B For event q(p1) + q(p2) — W (v(p3) + et (pa)) + g(ps) With p1 +p2 = 37_s pi
B generate a counter event g(zop1) + @(p2) — W (v(p3) + et (ps)) and
TaPl + D2 = > i_aDi With 1 — 24 = (p1 - 5 + P2 - P5)/P1 - D2
B A Lorentz transformation is performed on all j final state momenta
pj = Aup},j = 3,4 such that p; — p/; for p5 collinear or soft.
B The longitudinal momentum of p5 is absorbed by rescaling with =.

B The other components of the momentum, p5 are absorbed by the Lorentz
transformation.

B In terms of these variables the phase space has a convolution structure,

1
do® (p1, p2; p3,pa, Ps5) :/0 dz dp'?) (ps, xp1; p3,pa)dps (p1, D2, )]

where
dps

oy (PRO@)O(1 — 2)5(z — za)

|dps(p1,p2, Ta)] =
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M If k; is the emitted parton, and p., pp are the incoming momenta, define the shifted
momenta

where the momenta K* and K* are,

KW =ph +p, —p' ,KF=p". +p} .

7

W Since2)" k- K =2K2and2Y"  k; - (K + K) =2K? 4+ 2K - K = (K + K)?
the momentum conservation constraint in the m + 1-parton matrix

pg—i—ng—Zk#—pf:O .
J

implies
—_ p e
D+ — ) ki =0
J
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B Note also that the shifted momenta can be rewritten in the following way:

~

7 _ 1> v
REo= AM(K R)KY

mK+mwK+k»+2%m;

AMV K7[A</ — g'u,l/ - ~ )
U6 ) (K + K)? K2

B the matrix A", (K, f{) generates a proper Lorentz transformation on the final-state
momenta.

M If the emitted parton has zero transverse momenta, the Lorentz transformation
reduces to the identity.
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10 T T T | T | T | T | T | T =
E pr of electrons from W decay E
10° LO, zero width =
E LO, nonzero width E
NLO, nonzero width 7
10°= E
10° E
10°? I | I | I | I
0 20 40 60 80 100 120 140 160
pr[GeV]

M Calculation of NLO corrections, give a better prediction for the rate.
B Extra radiation can modify kinematic distributions.
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MCFEM overview John Campbell and R.K. Ellis

B Parton level cross-sections predicted to NLO in ag

pp— W*/Z pp— W+ W~
pp— W+ +Z pp—Z+Z

pp— W* 4+~ pp— WE/Z+ H
pp — W+ + g* (— bb) pp — Zbb

pp— W*/Z 4+ 1 jet pp — W+/Z + 2 jets
pp(g9) — H pp(gg) — H + 1 jet
pp(VV) — H + 2 jets pp —t+ X

pp —t+ W

¢ less sensitivity to ur, ur, rates are better normalized, fully differential
distributions.

& low particle multiplicity (no showering), no hadronization, hard to model
detector effects
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MCFM:examples

B (W42 jet)/(W+1 jet)

w

et
(W+2jets) /(W+1jet) ratio

25 VS=1.96TeV, p(jet)>15GeV,

15

W+2jet /W+1jet

NLO
LO

.05

o

nl<2, R=0.7

[AV]
(@]
N
(@]

p [GeV]

60 80 100 120 140 160 180 200
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Charm and bottom quark decays

M treat the semi-leptonic decays of hadrons containing c and b quarks in analogy
with the decay of a free muon, (spectator model)

B |agrangians for CKM-favoured decays are

G
e = _TZVCS sYH (1 —vs5)c vyu(l —s)e,
r®  — _ﬁv M (1 — ~= )b ey (1 —
= TGV (T —75)b evu(l —s)v.
C e b v
q+\ q+\
q q
i|/\/l(c)|2 = 64G% |Ves|?c-et s v,
§|./\/l(b>|2 = 64G%L |Vpl|?b-Dc e,

where b, c, s, v, 7, e and e~ now stand for the four-momenta of the particles in
the decay.
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B by angular momentum conservation s and v momenta prefer to be anti-parallel in c
quark decay. The endpoint configuration in which the e™ recoils against the
parallel s and v is thus disfavoured. We expect a soft spectrum for the positron.

B Conversely we expect a hard spectrum for the neutrino (or for the electron coming
from the decay of a b quark).

(Q) _ ™M@ (@)2
) - m m -
[ | 553 / dedy 0(x +y — xm) 0(x x—y—+ xy) g | MV

B : and y are the rescaled energies of the charged and neutral leptons,
r =2E./mqg,y = 2E,/mg in the frame in which the heavy quark Q is at rest.
The kinematic endpoint of the spectrum is denoted by x,,, and is given by
m = 1 — € where e = mgq/mg. The result for the semi-leptonic widths of the ¢
andthe bis

dr'

sl jviu2Po(me) 120 (2 — 2)]
dxdy

ar®
sl

= |Vep|*To(mp) [12y(zm — y)]
dxdy

I'g is the rescaled muon decay rate,
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Q
I = :
0(mQ) = Tgos
Integrating over y the charged lepton spectra are
ar'®) [ 19,2 2
12 m
Sl — |Vcs|2FO(mc) L ($ $)
dx (1 —x)
ar'® (5,2 2
2 m
sl _ Vep|2To () G z) (6 — 62 + Txym + 2% — 3T4m).
dx (1—x)3
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1.5 1.5

0] 5 1 0 5
2F./m, RE./m,

—_

The e from charm decay has a soft spectrum. The e~ from the CKM-disfavoured mode
b — u has a hard spectrum.

B The measurement of leptons with energies beyond the kinematic limit for b — ¢
gives information about V.

B Allowing for theoretical uncertainty in endpoint region, the measured value is
|Vaun/Vep| = 0.08 £ 0.02
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B After integration the semi-leptonic width including mass effects is found to be

F(Q) V. QF Mg
— ——
g | qu O(mQ)J ( )

where the function f is given by

fle) = (1 —eh) (1 —8€e% +€*) —24et Ine .
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Including the CKM-disfavoured mode ¢ — d the result for the semi-leptonic decay of the
c quark is

P = To(me) [ F(ms/me)[Ves|? + f(ma/me)|Veal?].

B For a rough estimate ignore strong interaction corrections and choose
me = 1.4 GeV. The theoretical estimate for the semi-leptonic width is

I'g)=1.1x 107" MeV.

From the measured semi-leptonic branching ratios of the D+, (17.2 4+ 1.9%) and

DO, (7.7 £ 1.2%) and the inverse of known lifetimes, we can calculate the
semi-leptonic widths.

(D% = (1.2240.20) x 10719 MeV
Ig(DT) = (1.07+0.13) x 10~ MeV.

B The spectator model gives a fair description of the semi-leptonic decays of D
mesons.
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B For the semi-leptonic decays of B mesons, the theoretical decay width is

Me

(b) 2
' = T5(m —\ |V, ,
s| o(mp) f( b)\ AR

B The CKM-disfavoured mode makes a negligible contribution to the total rate.
Mo ~ 0.87 due to strong interaction corrections.

Using the measured semi-leptonic branching ratios of the B=, (10.1 + 1.8 + 1.5%)
and B?, (10.9 £ 0.7 £+ 1.1%), the semi-leptonic widths of the B mesons are

Fsl(BO) = (0.48+0.12) x 10719 MeV

FS|(3+) = (0.43+0.18) x 1079 MeV.

We can estimate V,;. Choosing the values my, = 4.8 GeV, m. = 1.4 GeV and
Vep = 0.04 one obtains

Lg) = 2.7 X 1078V |? MeV = 0.44 x 10719 MeV .
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Hadronic decays

B Estimate for the total width using the spectator model. The width in the spectator
model is given simply by the weak decay of the heavy quark followed by the
subsequent decay of the resulting virtual W boson.

B Diagrams involving spectators are suppressed by powers of the heavy quark

mass. For example, in the decay of a DJ meson, a non-spectator diagram would
result from the annihilation of the charm quark with the anti-strange quark.

1

BR(C—>€X) == m ,

ignoring strong interaction effects. Therefore the prediction of the simplest
spectator model for the total width of a charmed hadron is given by multiplying the

semi-leptonic width by five.

B This leads to an expected common lifetime for all charmed hadrons of the order of
1.2 ps. However the lifetimes of the DT and the D° mesons are very different.
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Measured lifetimes

L L L L L I I
+
D . B+ o
D’ o
0
B4 o
+
D, .
0
B, -
A, =
0
. Ay e
N -
20w = .
Lo b b b b Iy A T B A
O 2 4 6 8 1 12 8 1 121416 18 2 22
Charm lifetime [ps] Bottom lifetime [ps]
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B Since the semi-leptonic widths are approximately equal, we can conclude that the
failure of the spectator model is due to differences in the hadronic widths of the
charmed hadrons.

B Reasons for the failure of the spectator model for D decays include non-spectator
diagrams and strong radiative corrections.

B Interference effects should be suppressed by powers of m. because of the small
overlap of the d coming from the charm decay with the spectator d. The former is
initially localized in a volume of order 1/m32, whereas the latter is distributed
throughout the D meson state.

B Since these interference effects appear to be important, we conclude that the
charm quark is too light to be treated as a heavy quark in this context.
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B total width

B Apply the spectator model to hadronic B decays.

B One might expect the B lifetime to be a factor of (m./m;)° shorter than the
estimate for the charm quark lifetime given above. However this mass effect is
almost entirely cancelled by the factor of |V, |? which occurs in the expression for
the width.

B The calculation of the semi-leptonic branching ratio for B decays is complicated
even in the spectator model, because of the many channels which are
kinematically allowed for the decay. A detailed calculation gives
BR(b — eX) > 12.5%.

B The ground-state hadrons containing b quarks have roughly equal lifetimes.

B Calculating the total width from the theoretical semi-leptonic width and the
measured semi-leptonic branching ratio, we obtain a lifetime of about 1.6 ps.

B The measured average b lifetime is 1.55 4 0.06 ps

B This corresponds to a proper lifetime expressed in units of length of
ct = 463 £+ 18 um. A b quark with momentum 20 GeV has a relativistic ~ factor of
about 4. A B meson of this momentum decaying after one lifetime will travel about
1.9 mm. This decay distance large enough to be measured with a detector,
typically a silicon vertex detector.
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Top quark decays

B Standard Model. Since m: > My + my a top quark decays predominantly into a
b quark and an on-shell W boson

t — Wt 4+b

|—>l+—|—y

t — Wt4+b
|

—q+q

B the branching ratio to leptons is given by counting the decay modes of the W, (
eve, by, T, and three colours of ud and cs,

1

BRWT - etp) = —— ~ 11%.
34+3+3
With a perfect detector the numbers of events expected at /s = 1.96 TeV per fb~!
are
N(ep +jets) = 2 x .11 x .11 x 7500 ~ 180

N(e + jets) = 2 x .11 x .66 x 7500 =~ 1100.

The existence of both of these decay modes with the correct ratio is a first test of
the decay modes of the top.
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The W boson coming from top decay can be either left-handed (L) or longitudinally (0)
polarized.

pe— 2G pm? I

SIMuP = P 2w2<1—x2+y2>]

— 2G rm? I

Z|M0|2 _ %mqvwz 1_x2_y2(2+x2_y2)},

where ©z = My, /m¢, y = my /my.
In the limit m; > My the result for the total width is

3
G 3
T(t — bW) = 2% 11,12 176 GeV | — 2 | .
812 175 GeV

Vip = 1 as suggested by the unitarity relation

Viol? + [Ves|* + [V |? = 1.
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B The top quark has a ‘semi-weak’ decay rate.

B The lifetime of the top quark is only of order 10—2% seconds (¢t ~ 10~ 19um) and
it therefore decays before it has time to hadronize.

5 \ | \ | \
| Top quark width vs. mass B
4 — Total width —
- - Width to a longitudinal W Vs
[ 3 [ T
=
o
g — —
~ ol B
1 - |
[ | | ] |
?20 140 160 180 200 220 240

m, [GeV]
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B The polarization state of the W controls the angular distribution of the leptons into
which it decays. We may define the lepton helicity angle 6%, which is the angle of
the charged lepton in the rest frame of the W, with respect to the original direction
of travel of the W (i.e. anti-parallel to the recoiling b quark). If the b quark jet is
identified, this angle can be defined experimentally as

b-(et —v)  4b-e”

0F ~ R~ :
©95 Y b- (et +v) m%—M‘%V

in an obvious notation where t, b, e™ and v represent four-momenta.

SOIMDPEZ = 1N Mol? x |Dol? + > IML|? x | DL
7T
—— §(w? — M2).
XMwFW (w w)
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Here My, M, are given above with y = 0 and Dg, D, are the helicity amplitudes for the
decay of a longitudinal and left-handed W boson respectively:

1/N dN/dcos@

‘ o

GrM2, 1
2 _ W L .« 2 %
|Do|* = 7 5 sin” 0
Gr M
D2 = ZEEwlog 5002,

NG 4

I R
i Lepton angular distribution in top decay. :
— e Longitudinal —
B ———— Left—handed |
> _
~
~
- - ) ]
~ ~
- ~ |
N
RN
- . ~ ]
\\
| | . T e SRR
1 -5 0 5 1
coso
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Heavy quark production, leading order

The leading-order processes for the production of a heavy quark ¢Q of mass m in
hadron-hadron collisions

(a)

q(p1) + q(p2) — Q(p3) + Q(pa)
(b)

9(p1) + g(p2) — Q(p3) + Q(pa)

where the four-momenta of the partons are given in brackets.

q Q
> < Process
Q —
(o) 19— QQ
Q Q Q
0 0 0
(b)

99—QQ ( " —
> indicates averaged (summed) over initial (final) colours and spins

> IM? /g
(2 +73+5)

V(+mE+0- )

wlw | Ol

67172

41179
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We have introduced the following notation for the ratios of scalar products:

2p1.P3 2p2.1p3 477?,2 ~
— Db y T2 = b2p ) p:T7 S:(p1+p2)2°

Tl A A
S S

B The short-distance cross section is obtained from the invariant matrix element in
the usual way:

1 d’ps d°p4
25 (2m)32E3 (2m)32E,

d6; =

(2m)*6* (p1 4+ p2 — p3 — pa) > | My />,

The first factor is the flux factor for massless incoming particles. The other terms
come from the phase space for 2 — 2 scattering.

B In terms of the rapidity y = % In((E 4+ p.)/(E — p,)) and transverse momentum,

pr, the relativistically invariant phase space volume element of the final-state
heavy quarks is

d3p

— = —dy d®pr .
= y d°pr
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The result for the invariant cross section may be written as

do
dysdysd?pr " 1672 82

Zwlfz L1, U )$2fj T2, WU Z|M@J|2

()

x1 and x2 are fixed if we know the transverse momenta and rapidity of the outgoing
heavy quarks. In the centre-of-mass system of the incoming hadrons we may write

1
p1 = 5\/5(5131, 0,0,x1)
1
P2 — 5\/§<$270707 _QUQ)
p3 = (mgcoshys,pr,0, mrsinhys)
pa = (mgcoshys, —pr,0,mpsinhya).

Applying energy and momentum conservation, we obtain

fn\;rg (e¥3 4 e¥4),zo = TZ (e7¥8 + e ¥4), 5 = 2mi (1 + cosh Ay).
The quantity mp = \/(m? + p2) is the transverse mass of the heavy quarks and
Ay = y3 — y4 is the rapidity difference between them.

m
1 =
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In these variables the leading order cross section is

do 1
_ 2 2 i i) afy ) SoIMul*

dysdysd?pr 64m2m7.(1 + cosh(Ay))

Expressed in terms of m, m7p and Ay, the matrix elements for the two processes are

— 494 1 m>
> Ml = 2 (— COSMAy)) (cosh(ay) + m—%) ,

5 8 cosh(Ay) — 1 m? m*
Z|Mgg| ( 1 + cosh(Ay) ) (cosh(Ay) + 2m_T B 2m_T)

B As the rapidity separation Ay between the two heavy quarks becomes large

> IMggl® ~ constant, ) |Mgyl® ~ expAy.

B The cross section is damped at large Ay and heavy quarks produced by ¢g
annihilation are more closely correlated in rapidity those produced by gg fusion.
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Applicability of perturbation theory?

B Consider the propagators in the diagrams.

(p1+p2)°= 2p1p2 = Qm?p (1 + cosh Ay) :
(pl — p3)2 —m? = —2p1.p3 = —m% (1 — e_Ay) ,
(p2 — p3)2 —m® = —2pap3 = —m2T (1 + eAy) :

Note that the propagators are all off-shell by a quantity of least of order m?2.

B Thus for a sufficiently heavy quark we expect the methods of perturbation theory
to be applicable. It is the mass m (which by supposition is very much larger than
the scale of the strong interactions A) which provides the large scale in heavy
quark production. We expect corrections of order A/m

B This does not address the issue of whether the charm or bottom mass is large
enough to be adequately described by perturbation theory.
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Heavy quark production in O(a)

In NLO heavy quark production m is the heavy quark mass.
o(S) = Z/ dxidxs 65 (x1228,m?, u?)Fi(x1, u?) F; (w2, 1?)

&;i.5(8,m?, u?) = ooci;(p, p°)

where p = 4m? /3, p? = p?/m?, 00 = a%(p?)/m? and § in the parton total c-of-m
energy squared. The coupling satisfies

dog ag 5 11N — 2n;
— —bo2E L 0(ad), by =
d1n p? Oon +0(as), bo 6
2 2

cij (P 15 ) = e (0) + dmas () [ef)) () + 2 (9) In(5)| + O(0)
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The lowest-order functions C,E?) are obtained by integrating the lowest order matrix
elements

m6p |
Cé%)(ﬂ)=7 (24+0)]
8p | 1 1+
% (p) = % E[p2 +16p + 16] In (1_—5) —28—31p] ,

chq (p) = c;%) (p) =0,

and 3 = /1 — p.
B The functions cf;?) vanish both at threshold (6 — 0) and at high energy (o — 0).

B Note that the quark-gluon process is zero in lowest order, but is present in higher
orders.
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. 1
B The functions cgj) are also known

\mu,ﬁﬁ 9909 v
+ + loooo. —+

Real emission diagrams

NITT PN T TP
+ §+f§@w<+

Virtual emission diagrams

B Examples of higher-order corrections to heavy quark production.

B |n order to calculate the ¢;; in perturbation theory we must perform both
renormalization and factorization of mass singularities. The subtractions required
for renormalization and factorization are done at mass scale .
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Higher order results, ¢

ceR)

o)

(1)

1]

Gluon—Gluon

(0) 2 1)
Ceg (0)+8 (cge (P)

1 | IIIIII|
T

+6(p) In(1®/m?) )

. \Y &~ 9 L3
]10 10 10 10 10 10
1/p
T YHHH‘ T YHHH‘ T YHHH‘ T YHHH‘ T TTTT
[” Gluon—Quark T
) =(1) A
+€" (e (p) +87 (o) In(u’/m”) ) i
1 1111111" 1 llum“ 1 xumﬂa 1 xumﬂ. I 5
10 10 10 10 1
1/p

CqalP)
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1 dependence

1 is an unphysical parameter. The physical predictions should be invariant under
changes of n at the appropriate order in perturbation theory. If we have performed a

calculation to O(a?), variations of the scale v will lead to corrections of O(a%),

B The term (1), which controls the 1 dependence of the higher-order perturbative
contributions, is fixed in terms of the lower-order result ¢(0):

1 1
P k

/ >R <22>] .
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In obtaining this result we have used the renormalization group equation for the running
coupling
d

2 2\ _ 2
% ﬁas(ﬂ ) = —bag + ...

and the lowest-order form of the GLAP equation

d u?2 d
HQWJC@'(%HQ )Z/ =P Z)fk(;MQH----

This illustrates an important point which is a general feature of renormalization group
improved perturbation series in QCD. The coefficient of the perturbative correction
depends on the choice made for the scale u, but the scale dependence changes the
result in such a way that the physical result is independent of that choice. Thus the scale
dependence is formally small because it is of higher order in ag. This does not assure
us that the scale dependence is actually numerically small for all series. A pronounced
dependence on the scale p is a signal of an untrustworthy perturbation series.
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Scale dependence in top production

M Inclusion of the higher order terms leads to a stabilization of the top cross section.

30 | T B B B |
top production, Vs=2TeV, m=172.5GeV

CTEQ6m

25

20

15

o[pb]

10

III|IIII|IIII|IIII|IIII|III
llll|llll|llll|llll|llll|llll

10

Introduction to QCD at CollidersLecture IV: The production of W, Z and heavy quarks at colliders — p.53/57



Top production at LHC

T T L |
2.2 !
Top production at Vs=14TeV, m=172.5GeV

CTEQ6m

2
1.8
1.6
1.4
1.2

o[nb]

[ | T T I T A T T

v A O @

IIIIIIIIIIIIIIIIIIIII

| I | 1 1 1| I I
20 50 100 200

u[GeV]

O
S

B At LHC top cross section is more than 100 times bigger than at Tevatron.
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Scale dependence in bottom production

B The perturbation series for bottom quark production is not well behaved.

B The lowest order cross section is almost 1 independent because of an accidental
cancellation between the fall-off of g and the increase of the gluon distributions
with increasing p.

80 \ T T T T |
Bottom cross—section vs. scale w,
i Vs =1.8 TeV, my = 5 GeV ]
60 — MRS(4), as(Mi)=0.1124 |
o
S 40—
b
20 — —
0 | I |
2 ) 10 20
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Top production

B All the information on the top quark is still rather limited and crude

B Within errors agreement between three generation theory and experiment

Experiment Theory
me 172.5 £ 2.3 GeV 178.9 +12.0 — 9.0 GeV
BR(t — Wb)/BR(t — Wq) 1.1179-2% ~ 1
BR(t — Wob) 0.747922 ~ 0.7
BR(t — W4b) < 0.27 (95%cl) ~ 0

o(pp — tt) (pb)

ol

12—

10F_

LA B s S s s s Sy B B B S B

T

CDF Il Preliminary 760 pb”’

Cacciari et al. JHEP 0404:068 (2004)
--------- Cacciari et al. + uncertainty

.................. Kidonakis,Vogt 1PI

--------- Kidonakis,Vogt PIM PRD 68 114014 (2003) ||

f60 162 164 166 168 170 172 174 176 178 180

Top Quark Mass (GeV/c")
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Recap
B NLO formulation of QCD processes gives better information about normalization,
and less dependence on unphysical scales.
B Matching with Monte Carlo can be implemented (Giele)

B Simple spectator model gives a poor description of hadronic charm decays and a
good description of bottom decay.

B Top decay is a semi-weak process

B Heavy quark production is calculable in perturbation theory inasmuch as mg is
greater than A QCD.

B Bottom quark production gives a troubled perturbation series, but with care on the
fragmentation, a fair agreement can be found.

B Top quark production at the Tevatron is in good agreement with theory.
B The top quark is produced at LHC at a large rate.
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